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Figure: Graph structure of a logistic network
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Autonomous dynamical node

Σ --u x

Σ : ẋ = f (x , u)
u : input
x : state
input-to-state stability ∼
the level of x is proportional
to the level of u

?

?

u

?

6

fluid level = x

stability ⇒ diameter d = g(x)

= autonomous control
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Stability of singular node

A system ẋ(t) = f (x(t), u(t)) is called stable, if

||x(t)|| ≤ β(||x(0)||, t) + γ(||u||∞).
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β(||x(0)||, t)

γ(||u||∞) ||x(t)||
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ISS-Lyapunov function

V is called ISS-Lyapunov
function for

ẋ(t) = f (x(t), u(t))

if

|x(t)| ≥ γ(||u||) ⇒ ∇V (x)f (x , u) < 0.
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γ(||u||) |x(t)|
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Feedback of two systems

Consider

Σ1 : ẋ1 = f1(x1, x2, u)

Σ2 : ẋ2 = f2(x1, x2, u)

Σ2

Σ1

�

-

-

� u

u

x2 x1

s.t. each subsystem is stable and has a Lyapunov function Vi

|xi | ≥ max{γij(|xj |), γ(|u|)} ⇒ ∇Vi fi (x1, x2, u) < 0.
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Stability criterion for two systems

Theorem (Jiang, Mareels, Wang 1996)

If
γ12 ◦ γ21 ≤ Id,

then
ẋ = f (x , u)

is stable.
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An example with two nodes

Passport control Customs-- -

x2x1

ẋ1 = u − b1

ẋ2 = b1 − b2

b1 =
ax1 + b

√
x1

1 + x2

b2 = cx2
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Two nodes

Passport control Customs-- -
?

x2x1

ẋ1 = u − ax1+b
√

x1

1+x2

ẋ2 =
ax1+b

√
x1

1+x2
− cx2

γu(u) = b2

4 u2

γ12(x2) = a2

b2 x
2
2

γ21(x1) =
(

min
{

c
2a , c2

b2

}) 1
2√

x1

γ12 ◦ γ21(s) = a2

b2 min
{

c
2a , c2

b2

}
s ≤ a2c2

b4 s < s

if ac
b2 < 1.
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Simulation

u(t) = 1.5 + sin(t) + sin(5t)/2
x1(0) = 10, x2(0) = 10.

ẋ1(t) = u(t)− x1(t)+
√

x1(t)

1+x2(t)

ẋ2(t) =
x1(t)+

√
x1(t)

1+x2(t)
− x2(t)
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n coupled systems

Consider

ẋ1 = f1(x1, . . . , xn, u)
...

ẋn = fn(x1, . . . , xn, u)
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Γ := (γij) =


0 γ12 . . . . . . γ1n

γ21 0 γ23 . . . γ2n
...

...
γn−1,1 . . . γn−1,n−2 0 γn−1,n

γn1 . . . . . . γn,n−1 0


When such a network is stable?
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Stability criterion

Theorem
Let the small gain condition holds true Γ(s) 6≥ s, for all vectors s
with nonnegative components. Then the overall system
ẋ = f (x , u) is stable.
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Car production network
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Car production network
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State equations

ẋ1 = u − ax1+b
√

x1

1+x2+x3

ẋ2 = 1
3

ax1+b
√

x1

1+x2+x3
+ 1

2 min{b3, c3x3} −min{b2, c2x2}

ẋ3 = 1
3

ax1+b
√

x1

1+x2+x3
+ 1

2 min{b2, c2x2} −min{b3, c3x3}

ẋ4 = 1
3

ax1+b
√

x1

1+x2+x3
+ 1

2 min{b2, c2x2}+ min{b3, c3x3} −min{b4, c4x4}

ẋ5 = 1
2 min{b4, c4x4} − c5x5

ẋ6 = 1
2 min{b4, c4x4} − c6x6
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Gain-Matrix

Γ := (γij) =



0 a12x
2 a13x

2 0 0 0
a21
√

x 0 a23x 0 0 0
a31
√

x a32x 0 0 0 0
a41
√

x a42x a43x 0 0 0
0 0 0 a54x 0 0
0 0 0 a64x 0 0



small-gain condition:

Γ(s) =



a12s
2
2 + a13s

2
3

a21
√

s1 + a23s3
a31
√

s1 + a32s2
a41
√

s1 + a42s2 + a43s3
a54s4
a64s4

 6≥


s1
s2
s3
s4
s5
s6
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Conclusions

I Stability is one of the basic properties in dynamics of logistic
processes

I We have presented a stability criterion for logistic networks

I This criterion can be applied for networks of autonomous
systems

I We have considered examples to show how this criterion can
be applied in reality

I This criterion can be used for design of logistic networks
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